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Abstract
Let q (G) be the Q-index (the largest eigenvalue of the signless Laplacian) of G. Let Sn,k be the
graph obtained by joining each vertex of a complete graph of order k to each vertex of an independent
set of order n− k. The main result of this paper is the following theorem:
Let k ≥ 3, n ≥ 110k2, and G be a graph of order n. If G has no C2k+1, then q (G) < q (Sn,k) ,
unless G = Sn,k.
This result proves the odd case of the conjecture in [M.A.A. de Freitas, V. Nikiforov, and L.
Patuzzi, Maxima of the Q-index: forbidden 4-cycle and 5-cycle, Electron. J. Linear Algebra 26
(2013), 905-916.]
AMS classification: 15A42, 05C50
Keywords: signless Laplacian; Q-index; forbidden odd cycles.
1 Introduction
Let G = (V (G) , E (G)) be a simple graph. Denote by ν (G) the order of G, and e (G) the size of G, that
is to say, ν (G) = |V (G) |, and e (G) = |E (G) |. Set ΓG (u) = {v | uv ∈ E (G)} , and dG (u) = |ΓG (u) |; or
simply Γ (u) and d (u) , respectively. Let δ (G) and ∆ (G) denote the minimal degree and maximal degree
of graph G, respectively. As usual, we may let Pk, Ck, and Kk be the path, cycle, and complete graph
of order k, respectively. Let Sn,k be the graph obtained by joining each vertex of a Kk to each vertex of
a Kn−k; in other words, Sn,k = Kk ∨Kn−k. Also, let S
+
n,k be the graph obtained by adding an edge to
Sn,k. For notation and concepts undefined here, we refer the reader to [3].
The Q-index of G is the largest eigenvalue q (G) of its signless Laplacian Q (G). For more basic facts
about q (G) , we refer the reader to [4]. The following conjecture has been proposed in [8].
Conjecture 1 Let k ≥ 2 and let G be a graph of sufficiently large order n. If G has no C2k+1, then
q (G) < q (Sn,k) , unless G = Sn,k. If G has no C2k+2, then q (G) < q
(
S+n,k
)
, unless G = S+n,k.
In [9], Conjecture 1 was solved asymptotically by the following results.
Theorem 2 [9] Let k ≥ 2, n > 6k2, and let G be a graph of order n. If q (G) ≥ n + 2k − 2, then G
contains a cycle of length l for each l ∈ {3, 4, . . . , 2k + 2} .
There are many helpful guidance provided in [9] for solving Conjecture 1. By following the clue
provided in [9] and by some analysis we will give the complete solution for the odd case of Conjecture 1.
More precisely, we will prove the following result.
Theorem 3 Let k ≥ 3, n ≥ 110k2, and let G be a graph of order n. If G has no C2k+1, then q (G) <
q (Sn,k) , unless G = Sn,k.
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2 Some auxiliary results
First we state some well-known results, which will be used in the following proofs.
Lemma 4 [7]Let k ≥ 1. If G is a graph of order n, with no Pk+2, then e (G) ≤ kn/2, with equality
holding if and only if G is a union of disjoint copies of Kk+1.
Lemma 5 [7]Let k ≥ 2. If G is a graph of order n, with no cycle longer than k, then e (G) ≤ k (n− 1) /2.
Let c(G) denote the circumference, i.e., the size of a longest cycle of G. The following result is one
case of Dirac theorem (see [6]).
Lemma 6 Let G be a graph with δ (G) ≥ 2. Then c(G) ≥ δ (G) + 1 holds.
To state the next result set Lt,k := K1 ∨ tKk, i.e., Lt,k consists of t complete graphs of order k + 1,
all sharing a single common vertex. In [2], Ali and Staton gave the following stability result.
Lemma 7 Let k ≥ 1, n ≥ 2k + 1, G be a graph of order n, and δ (G) ≥ k. If G is connected, then
P2k+2 ⊆ G, unless G ⊆ Sn,k, or n = tk + 1 and G = Lt,k.
For the proof we also need the following two upper bounds on q (G) .
Lemma 8 [10]For every graph G, we have
q (G) ≤ max
u∈V (G)

d (u) + 1d (u)
∑
v∈Γ(u)
d (v)

 .
Lemma 9 [5]If G is a graph with n vertices and m edges, then
q (G) ≤
2m
n− 1
+ n− 2.
Now we will begin our analysis. In [9] (see Proposition 2 of [9]), it was pointed out that when k ≥ 2
and n > 5k2,
q (Sn,k) > n+ 2k − 2−
2k (k − 1)
n+ 2k − 3
> n+ 2k − 3. (1)
Then for a graph G with q(G) ≥ q (Sn,k) , we have
n+ 2k − 2−
2k (k − 1)
n+ 2k − 3
< q (Sn,k) ≤ q(G) ≤
2e(G)
n− 1
+ n− 2,
which implies
2e(G) > 2k (n− 1)− 2k (k − 1) +
4k (k − 1)2
n+ 2k − 3
.
Noting that 2e(G) is even, 2k (n− 1)− 2k (k − 1) is also even, and 0 < 4k(k−1)
2
n+2k−3 < 1, and then we have
2e(G) ≥ 2k (n− 1)− 2k (k − 1) + 2,
i.e.,
e(G) ≥ kn− k2 + 1. (2)
Given a graph G, write G [X ] for the graph induced by X, when X ⊆ V (G), and e (X) for the number
of edges in graph G [X ] , and e (X,Y ) for the number of edges joining vertices in X to vertices in Y, where
X and Y are disjoint sets of V (G). For a vertex u ∈ V (G) , the following fact was pointed out in [8].∑
v∈Γ(u)
d (v) = 2e (Γ (u)) + e (Γ (u) , V (G) \Γ (u)) ,
which is crucial in the proof of Lemma 10.
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Lemma 10 Let k ≥ 2, n ≥ 8k2, and let G be a graph of order n. If G has no C2k+1 and q (G) ≥ q (Sn,k) ,
then ∆(G) = n− 1.
Proof Let w be a vertex of G such that
d (w) +
1
d (w)
∑
i∈Γ(w)
d (i) = max
u∈V (G)

d (u) + 1d (u)
∑
v∈Γ(u)
d (v)

 .
Lemma 8 implies that
q (G) ≤ d (w) +
1
d (w)
∑
i∈Γ(w)
d (i) .
We shall show that if d (w) < n− 1, then q (G) < q (Sn,k) .
Set A = Γ (w) , B = V (G) \ (Γ (w) ∪ {w}) ; the assumption d (w) < n− 1 implies that B 6= ∅. Note
that P2k * G [A] ; hence Lemma 4 implies that
2e (A) ≤ (2k − 2) |A| . (3)
Our first goal is to show that |B| < 2k2. Indeed, we see that
q (Sn,k) ≤ q (G) ≤ d (w) +
1
d (w)
∑
i∈Γ(w)
d (i) = |A|+ 1 +
2e (A) + e (A,B)
|A|
. (4)
If a vertex ofB is joined to every vertex of A, then G [A] does not contain a P2k−1, as otherwise C2k+1 ⊂ G.
Hence, Lemma 4 implies that 2e (A) ≤ (2k − 3) |A| and from (4) we see that
q (Sn,k) ≤ |A|+ 1 +
(2k − 3) |A|+ |A| |B|
|A|
= |A|+ 1 + |B|+ 2k − 3 = n+ 2k − 3 < q (Sn,k) .
This contradiction shows that no vertex of B is joined to all vertices of A; hence
e (A,B) ≤ |B| (|A| − 1) .
Now, inequalities (3) and (4) imply that
q (Sn,k) ≤ |A|+ 1 +
(2k − 2) |A|+ |B| (|A| − 1)
|A|
= n+ 2k − 2−
|B|
n− 1− |B|
.
Comparing this inequality to (1), after some algebra we find that |B| < 2k2, as claimed.
Next, let A′ be the set of all vertices in A that are joined to each vertex in B. Our next goal is to
show that |A′| ≥ |A| − 2k2. Indeed, obviously
e (A,B) ≤ |A′| |B|+ (|A| − |A′|) (|B| − 1) = |A| |B| − |A|+ |A′| .
Hence inequalities (3) and (4) imply that
q (Sn,k) ≤ |A|+ 1 +
(2k − 2) |A|+ |A| |B| − |A|+ |A′|
|A|
= n+ 2k − 3 +
|A′|
|A|
Comparing this inequality to (1), after some algebra we find that |A′| > |A| − 2k2, as claimed.
Finally, let G1 be the union of all components of G [A] that contain a vertex from A
′, and let G2 be
the union of the remaining components of G [A] . As before we see that e (G2) ≤ (k − 1) v (G2) .
We claim that G1 contains no cycle longer than 2k − 3. Indeed, if Cs ⊂ G1 for some s ≥ 2k − 2,
then s ≤ 2k − 1, as otherwise P2k ⊂ G (A) , contradicting that C2k+1 * G. The definition of G1 implies
that there must be a vertex in A′ that either belongs to Cs or can be joined to a vertex of Cs by a path
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contained in G1. In either of these cases we see that G1 contains a path P = P2k−2 with an endvertex
belonging to A′. Since
|A′| ≥ |A| − 2k2 = n− 1− |B| − 2k2 > n− 1− 4k2 > 2k − 2,
we can extend P by a vertex in B and a vertex in A′, thus obtaining a path P2k ⊂ G ([A ∪B]) with
two endvertices belonging to A. Therefore C2k+1 ⊂ G, a contradiction showing that G1 contains no cycle
longer than 2k − 3. Hence, Lemma 5 implies that
2e (G1) ≤ (2k − 3) v (G1) ,
and so
2e (A) = 2e (G1) + 2e (G2) ≤ (2k − 3) v (G1) + (2k − 2) v (G2)
= (2k − 3) (|A| − v (G2)) + (2k − 2) v (G2) = (2k − 3) |A|+ v (G2)
≤ (2k − 3) |A|+ |A| − |A′| < (2k − 3) |A|+ 2k2.
This inequality, together with (4), implies that
q (Sn,k) ≤ |A|+ 1 +
(2k − 3) |A|+ 2k2 + |A| |B|
|A|
= n+ 2k − 3 +
2k2
|A|
.
Comparing this bound with (1), we find that
1−
2k (k − 1)
n+ 2k − 3
<
2k2
|A|
≤
2k2
n− 4k2
,
which is a contradiction for n ≥ 8k2. Therefore B = ∅ and d (w) = n−1, completing the proof of Lemma
10. ✷
Let w be a vertex of graph G. Then we write Gw = G[V (G)\{w}] for short. We would like to point
out that the main idea of the following lemma comes from the Proof of Lemma 7 of [9].
Lemma 11 Let k ≥ 3, n ≥ 110k2, and let G be a graph of order n. If Gw = G1 ∪G2, where V (G1) and
V (G2) are disjoint, P2k * G1, and 1 ≤ ν (G2) ≤ k2 + k − 3, then q (G) < q (Sn,k) .
Proof Write ν (G2) = t, then 1 ≤ t ≤ k2 + k − 3. Assume for a contradiction that q (G) ≥ q (Sn,k) .
We may suppose that w is a dominating vertex of G, and G2 is isomorphic to Kt, otherwise, we may
add some edges to G, while q (G) will not decrease. Denote by G0 the the graph obtained from G by
removing G2. In view of P2k * G1, then by Lemma 4 we have
e (G1) ≤ (k − 1) (n− t− 1) ,
and then
e (G0) = e (G1) + n− t− 1 ≤ k (n− t− 1) .
Lemma 9 implies that
q (G0) ≤
2k (n− t− 1)
n− t− 1
+ n− t− 2 = n+ 2k − t− 2.
Let (x1, . . . , xn)
T
be a unit eigenvector to q (G) . By symmetry the entries corresponding to vertices of
G2 have the same value, say x. From the eigenequations for Q (G) we see that
(q (G)− n+ 1)xw =
∑
i∈V (G)\{w}
xi ≤
√
(n− 1) (1− x2w),
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and noting that
q (G) ≥ q (Sn,k) > n+ 2k − 3,
so
x2w ≤
n− 1
(q (G)− n+ 1)2 + n− 1
≤
n− 1
n− 1 + 4 (k − 1)2
< 1−
4 (k − 1)2
n+ 4k2
. (5)
Also from the eigenequations for Q (G) we have
x =
xw
q (G)− 2t+ 1
.
Note that q (G) > n+ 2k − 3 and t ≤ k2 + k − 3, we have
x ≤
xw
n+ 2k − 2t− 2
≤
xw
n− 2k2 + 4
. (6)
When t ≥ 1, n ≥ 110k2, by using (5) and (6) we find that
q (G) =
∑
ij∈E(G)
(xi + xj)
2
=
∑
ij∈E(G0)
(xi + xj)
2
+ t (x+ xw)
2
+
∑
ij∈E(G2)
(xi + xj)
2
≤ q (G0)
(
1− tx2
)
+ t (x+ xw)
2
+ 2t (t− 1)x2
< n+ 2k − t− 2 + t
(
1 +
1
(n− 2k2 + 4)2
+
2
n− 2k2 + 4
+
2 (t− 1)
(n− 2k2 + 4)2
)
x2w
< n+ 2k − t− 2 + t
(
1 +
3
n− 2k2 + 4
)(
1−
4 (k − 1)2
n+ 4k2
)
< n+ 2k − 2−
(
4 (k − 1)2
n+ 4k2
−
3
n− 2k2 + 4
)
< n+ 2k − 2−
2k (k − 1)
n− 2k2 + 4
< q(Sn,k).
Therefore q (G) < q(Sn,k), and this contradiction completes the proof. ✷
We will call vertex v a center vertex of graph Sn,k, if d (v) = n− 1 holds.
Lemma 12 Let G be a graph of order n. If Gw = ∪
t
i=1Sni,k−1, k ≥ 3, and t ≥ 2 hold, then we have
q (G) < q (Sn,k) .
Proof We may suppose w is a dominating vertex of G, otherwise we may add some edges to G, and q(G)
will not decrease. We first consider t = 2, that is to say,
Gw = Sn1,k−1 ∪ Sn2,k−1.
Let u1, · · ·, uk−1 be all the center vertices of Sn1,k−1, and v1, · · ·, vk−1 be all the center vertices of Sn2,k−1.
Let x be a unit eigenvector to q (G) . Then by symmetry we have xu1 = ··· = xuk−1 , and xv1 = ··· = xvk−1 .
Without loss of generality we assume that xu1 ≥ xv1 .
Now combine the components Sn1,k−1 and Sn2,k−1 into Sn1+n2, k−1, and let u1, · · ·, uk−1 be the center
vertices of Sn1+n2, k−1. Denote by G
′ be the graph obtained from G by the above perturbation. Set
W = V (Sn2, k−1) \ {v1, · · ·, vk−1} .
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Then
q (G′)− q (G) ≥ xTQ (G′)x− xTQ (G)x
=
∑
i∈W
(k − 1)
[
(xu1 + xi)
2 − (xv1 + xi)
2
]
+ (k − 1)2 (xu1 + xv1)
2 − 2 (k − 1) (k − 2)x2v1
> 0.
Noting that G′ = Sn,k, then we have
q (G) < q (G′) = q (Sn,k) .
When t ≥ 3, we may prove the lemma by using induction on t and applying the above perturbation to G
repeatedly. ✷
Lemma 13 Let G be a graph of order n with e (G) ≥ (k − 1)n −
(
k2 − k − 1
)
. If P2k * G, then there
exists an induced subgraph H of G such that δ(H) ≥ k − 1 and ν (H) ≥ n−
(
k2 − k − 1
)
.
Proof Define a sequence of graphs, G0 ⊃ G1 ⊃ · · · ⊃ Gr using the following procedure.
G0 := G;
i := 0;
while δ(Gi) < k − 1 do begin
select a vertex v ∈ V (Gi) with d(v) = δ(Gi);
Gi+1 := Gi − v;
i := i+ 1;
end.
Note that the whole loop must exit before i = k2 − k. Indeed, P2k * Gi, Lemma 4 implies that
e(Gi) ≤ (k − 1) (n− i) . (7)
On the other hand,
e(Gi) ≥ e (G)− i (k − 2) ≥ (k − 1)n−
(
k2 − k − 1
)
− i (k − 2) . (8)
Then from (7) and (8) we have i ≤ k2 − k − 1. Let H = Gr, where r is the last value of the variable
i, and then the proof is completed. ✷
3 Proof of Theorem 3
Proof of Theorem 3 Assume for a contradiction that q (G) ≥ q (Sn,k). By virtue of Lemma 10 we
suppose that w is a dominating vertex of G. Then from (2), we have
e(Gw) ≥ (k − 1) (n− 1)−
(
k2 − k − 1
)
.
By taking Gw as the graph G in Lemma 13, we may obtain an induced subgraph H of Gw such that
δ(H) ≥ k − 1 and ν(H) ≥ (n− 1)−
(
k2 − k − 1
)
. Set
H = ∪ti=1Hi, and ν(Hi) = hi,
where each Hi is a component of H. By virtue of Dirac theorem (see Lemma 6), δ(Hi) ≥ k−1 ≥ 2 implies
that Cl ⊆ Hi for some l ≥ k. Then any component of Gw contains at most one graph of {H1,H2, · ··, Ht}
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as an induced subgraph, otherwise P2k+1 ⊆ Gw and then C2k+1 ⊆ G. Now for each 1 ≤ i ≤ t, let Fi be
the component of Gw, which contains Hi as an induced subgraph, and set
Gw =
(
∪ti=1Fi
)
∪ F0.
Obviously, P2k * Fi for any 0 ≤ i ≤ t.
We claim that F0 = ∅, otherwise
1 ≤ ν (F0) ≤ |V (Gw) \V (H) | ≤ k
2 − k − 1,
and then by Lemma 11 we obtain the contradiction q (G) < q (Sn,k) . By the same token we claim that
hi ≥ 2k − 1 for each 1 ≤ i ≤ t. Otherwise the order of the component Fi satisfies
k ≤ hi ≤ ν (Fi) ≤ hi + |V (Gw) \V (H) | ≤ 2k − 2 + k
2 − k − 1 = k2 + k − 3.
Then by virtue of Lemma 11, we also obtain the contradiction q (G) < q (Sn,k) .
Since P2k * Hi and δ(Hi) ≥ k − 1, from Lemma 7, we deduce two cases for the structure of each Hi.
(a) Hi ⊆ Shi,k−1, and then
e (Hi) ≤ (k − 1)hi −
k (k − 1)
2
.
(b) Hi = Lpi,k−1 with hi = pi (k − 1) + 1, and then
e (Hi) =
k (hi − 1)
2
< (k − 1)hi −
k (k − 1)
2
.
We claim that Hi 6= Lpi,k−1 with hi = pi (k − 1) + 1. Assume for a contradiction that some Hi is
isomorphic to Lpi,k−1 with hi = pi (k − 1) + 1, then
e (H) =
t∑
j=1
e (Hj) ≤ (k − 1) (ν(H)− hi)−
k (k − 1)
2
+
k (hi − 1)
2
.
On the other hand, from the procedure of Lemma 13, we know that
e (H) ≥ e (Gw)− (n− 1− ν(H)) (k − 2) ≥ (k − 1) (n− 1)−
(
k2 − k − 1
)
− (n− 1− ν(H)) (k − 2) .
Therefore
(k − 1) (n− 1)−
(
k2 − k − 1
)
− (n− 1− ν(H)) (k − 2) ≤ (k − 1) (ν(H)− hi)−
k (k − 1)
2
+
k (hi − 1)
2
,
which implies that hi < k + 1, and this is a contradiction to hi ≥ 2k − 1. So each Hi is a subgraph of
Shi,k−1.
For fixed i, assume now that I is the independent set ofHi of order hi−(k − 1) , and set J = V (Hi) \I.
Clearly, δ (Hi) ≥ k − 1 implies that every vertex of I is joined to every vertex in J. Therefore, for any
two vertices in I there exists a path of order 2k − 1 with them as endvertices. If u is a vertex in
V (Fi) \V (Hi) and Γ (u) ∩ V (Hi) 6= ∅, then we have ΓFi (u) ⊆ J, otherwise P2k ⊆ Fi. Furthermore, for
any vertex v ∈ V (Fi) \V (Hi) we may deduce that Γ (v) ∩ V (Hi) 6= ∅, hence ΓFi (v) ⊆ J . Therefore
(V (Fi) \V (Hi)) ∪ I is an independent set of Fi, and then Fi is a subgraph of Sν(Fi),k−1. Thus
Gw = ∪
t
i=1Fi,
where each Fi is a subgraph of Sν(Fi),k−1. Note that q (G) will not decrease when adding some edges to
G, hence we may suppose that Fi is isomorphic to Sν(Fi),k−1. If t ≥ 2, then by Lemma 12 we deduce
the contradiction q (G) < q (Sn,k) . If t = 1, we have q (G) ≤ q (Sn,k) with equality holding if and only if
Gw = Sn−1,k−1 and then G = Sn,k. ✷
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